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Expansions of Theta Functions and Applications 

A. Raouf Chouikha * 


Abstract 

We prove that the classical theta function 9a may be expressed as 

2p 


9a{v,t) = 9a{Q,t) exppy^y^- 


p>l k>0 


p t (sin(fc + pTrr) 


We obtain an analogous expansion for the three other theta functions 
since they are related. 

These results have several consequences. In particular, an expansion of 
the Weierstrass elliptic function will be derived. Actions of the modular 
group and other arithmetical properties will also be considered. Finally 
using a new expression for the Rogers-Ramanujan continued fraction we 
produce a simple proof of a Rogers identity. 

Key words and phrases : theta functions, elliptic functions, q-series, Fourier 
series, continued fractions ^ 


1 Introduction 


The classical theta function is given by the doubly infinite sum 


9{v,t) 


E 


^iTrn'^ T ^2i7Tnv 


— oo<n<+oo 


( 1 ) 


which locally converges uniformly for v G C the complex plane, and r G Ti.+ the 
upper-half plane of complex numbers with positive imaginary part. 

A remarquable feature of the theta function is its dual nature. Indeed, when 
viewed as a function of v, we see it as an elliptic analog of the exponential 
function and it may be used in order to express elliptic functions. Since 0 is 
periodic with period 1 and quasi-period r. When considered as a function of 
r, 0 has modular properties with close connection to the partition function and 
the representation of integers as sums of squares. 

The story of this function started with Euler, J. Bernoulli and Fourier who occa- 
sionnaly used the theta function among other closely related functions. However, 
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the systematic study of theta functions and their utilisation for the theory of 
elliptic functions is due to Jacobi. He remarked that theta can be represented 
by series whose convergence is very fast and which may used for numerical com¬ 
putations of elliptic functions. 

General properties of theta functions may be found in many references, among 
which [B], [M] or [W-W] contain a good description. 

The above function 9 is often called the 6^ function of Jacobi. There are 
three other 9 functions obtained by a change of characteristics 

9^{v,T)= ^2^(-l)”9(^)%in((2n-fl)7ro) 

— oo<n<+cx} n>0 

92(v,t)= Y = 2^g(^)'cos((2n-hl)7ru) 

— oo<n<+oo n>0 

94 v , t )= Y ^ ^^2^(-l)"g""cos(2n7ru) 

— cxo<n<+oo n>l 

where q = verifies | g |< 1, and u is a complex number. 

The four theta functions are related. Then we can choose any of these four 
theta functions and then define the remaining three in terms of the one chosen. 

All four theta functions are entire functions of v. All are periodic, the period of 
6*1 and 6*2 is 2, and that of 6*3 and 6*4 is 1. 

It is known that the zeros of 6*1 are m + nr, those of 6*2 are ^+m + nr, those of 
6*3 are ^ + t + m + nT and those of 6*4 are + m + nr where m, n are integers. 
From the knowledge of the zeros it is possible to obtain infinite products rep¬ 
resenting the theta functions, and from these products the partial fraction ex¬ 
pansions of log 9{v, t) follow. 


The main goal of this paper is to state a trigonometric expansion of theta 
functions in powers of sin?™ and to derive some applications. Namely 


log 


9 a { v , t ) _ 


■MM = 

^ ' P—\ 

where the coefficients C2p, which depend on r, have the following 

22p+l / „2fc-|-l \ P 1 

C2p(r) =(-1)^+1^ g((l_^2fe+i)2) =--E(— 

where q = | g |< 1 . In the same way, we also obtain the expressions 


form 

1 


6»3(n,T) = 6*4(0, t) exp[-^^ 

-n^l h'>r\ 


cos TTV 


^^oPV(sin(fc + i)7rr) 


2p 
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e,(v, r) = 04(0, r) exp[^7^(^; + ^ 


h{v, t) = 04(0, t) exp[z 7 r(z; + -EE^ 


1 f sin7r(w + \t) ^ 


- - p>ife>oPV(sin(fc+2)7rT) 

The above expressions for 04 and 03 are valid in the "strip" | 
those relating to 02 and 0i are valid in the "strip" | |< i,. 


< 1 , 


Some consequences of the above expansions may be deduced. In particu¬ 
lar, the Weierstrass elliptic function p{z) with primitive periods 2, 2t has an 
analogous expansion 

z , ^ ^,^-2(2p+l)(sin2^)2J> 4p(sin^)2p ^ 

p(z-hT) = e3-^[^ —+ 

(sm(A: -I- i) 7 rT)^P+^ 


p>l fc>o 


fc>o 


(sin(fc -I- i)7rT)2p 


We also examine properties of C2p under the actions of the modular group and 
Landen or Gauss transformations. Some arithmetical applications using Lam¬ 
bert series will also be considered. An expression for the Rogers-Ramanujan 
continued fractions will be derived 


q2p(k+l) / (^2 _ ^)2p _ (^3 _ ;^)2p \ 

p V [q5i2k+l) _ l)2p j ^ 


The last one allows us to prove the well known Rogers identity 


RiQ) = 0 " n 

k>l 


(l_^10fc-2)(i_^10fc-8) 


3 



2 Expansions of the theta functions 


2.1 Classical expansions 

Recall at first the following facts which will be useful in the sequel 

Proposition 2-1 The function 6*4 ( u , t ) satisfies the triple product 

e^{v, r) = n 

n>l 


where q = v € C, r G H+. 

It is also known that log O 4 has a Fourier series expansion, [B] or [W-W] 
Proposition 2-2 The theta function 64 has the following expansion 

04(f,r) = 04(O,r) exp[ 4 ^ _ ---]. 

n3l ® 

Moreover, this expansion is valid for Imr > 0 and for \ Imv \< ^IniT. 

We also obtain similar expansions for the other three theta functions, [B]. 
In [C] we proved the following 

Proposition 2-3 The theta function 84 may be expressed as 
6»4(v,r) = 6»4(0,r) exp C2p(T)(sin ttv^p] 

P>1 


where the coefficients C 2 p satisfy the recursion relation 

{2p + 2){2p + 1)c2p+2(t) - 4p^C2p(t) = -^a2p{T). (2) 

TT 

with the a 2 p obeying the relation 

(■^)^[(2p + 2)(2p-I-l)a 2 p +2 — 4p^a2p] — 12e3a2p-b 6 a 2 ra 2 p- 2 r = 0 (3) 

0<r<p 

where 63 =—^^ 1 ^[ 92 { 0 ,t) + d^{0,T)] and 02 = ^ 6 * 2 ( 0 ,t) 0|(O,r). 

Moreover, this expansion is valid for Imr > 0 and for \ sinTrv |< 1. 

After eliminating the a 2 p we get relations between C 2 p coefficients only. 
The next result yields an analog version of the preceding 

Proposition 2-4 The theta function 84 (v,t) may be expressed under the 
form 

6»4(v,r) =6»4(0 ,t) exp[y^C2p(T)(sin ttu)^^] 

P>1 
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where coeffieients C2p satisfy the system of reeurrenee equations for p>l 

{A) 


J 4! ( ) C2p+4 — (2 j 3 + l)(2p + 2) [(2p + 2)(2p + 3) + — cq] C2p+2 

1 +{2pf[cQ - {2pf]c2p - 6[(2p + l)(2p + 2)c2p+2 - 2c2 - YTk=i ‘2‘kc2k\ 


where cq =-4[6»|(0, r) + 6»|(0, r)], C 2 = ^ s^Jo’r) 

C4 = i6>|(0, r)6»|(0, t) + ic2. 

Moreover, this expansion is valid for Imr > 0 and for \ sinTrv |< 1. 

Indeed, starting from (2) a calculation gives 

f :;^[(2p + 2)(2p + l)a2p+2 — 4p^a2p] = {2p + l)(2p + 2){2p + 3)(2p + 4)c2p+4~ 
\ (2j 3 + l)(2p + 2)[(2p + 2)[2p + 3) + 4p^]c2p+2 + (2p)^C2p 

We also have 


k—p 


a2ra2p-2r = (■^)^[( 2 p + l)( 2 p + 2)c2p+2 — C2 — C2fc]^. 

0<r<p 




Thus, we obtain the following expressions connecting the C 2 p coefficients 

(2p + 1) (2p + 2) (2p + 3) (2p + 4)c2p+4 - (2p + 1) (2p + 2) [(2p + 2) (2p + 3) 
+4p2] C 2 p +2 + {2pYc2p + Co [{2p + l)(2p + 2)c2p+2 - 
{ 2 pfc 2 p\ + 6[(2p+ l)(2p + 2 )c 2 p +2 - 2 c 2 - Yl=i ‘^kc 2 k\^ = 0 

which precisely are the recursion relations (A). 

2.2 Main result 

Now we are going to prove the following 

Theorem 2-5 Let q = , | <7 |< 1. The coeffieients C 2 p defined by 

Propostion 2-4 may be expressed as 


C2 p(t) 


1 


= --E 

T) 


(-4)g 


2fc+l -|P 


P ^ (sin(fc + i)7rr)2p P f \ ' 

Then, the theta functions have the following expansions 

6l4(v,r) = 6»4(0,r) exp[-y^y^ ^ 




2p 


93(v,r) = 6»4(0,r) exp[-y^y^ 


p>l fc>0 ‘ 


cos TTV 


p V(sin(A: + ^)TrT) 


2p 
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02{v,t) = 6*4(0, r) exp[m{v + t'^) “ X! X! ^ cos7r(i; + ^t) 


p V(sin(fc + 


P>1k>0' 

0 i { v , t ) = 94 { 0 , t ) exp[i7r(v - ^ + 

Moreover, the above expressions for 6*4 and 6*3 are valid in the "strip' 

I |< 1 , 

those for 6*2 and 6*1 are valid in the "strip" \ |< 1. 


Proof of Theorem 2-5 At first, let us determine the coefficient C2 (t). 

Lemma 2-6 The coeffieient C2(r) of the expansion of theta function given 
by Proposition 2-4 may be written under the forms 

C2(r) = _= dV ' = dV 

i + 2;^(-w^ 

n>l 


Indeed, from Propostion 2-4 one has 

27 r^C 2 = 


2 _ e'm 


em ■ 

Furthermore, by the Fourier series expansion 

94 v) = 1 + 2 cos(2n^?;). 


n>0 


one deduces 6*4(0) = 

0 "(O)=- 87 r 2 ^(-l) 

n>l 


«^2gm TTT^ 


On the other hand, since we have (see [W-W] or [B] vol 3 ) 


^ 4 ( 0 ) 

04 ( 0 ) 




n>l 


(1 - g2n-l)2 


we then get the second expression of C2, where q = e* 


We shall compare different expansions for the theta functions. This will 
allow us to establish the expression of the C2p coefficients. 

By Proposition 2-2 


04(v,r) = 04(0, r) exp[ 4 ^ 

n>l 


g” (sinuTTri)^ 

1 — n 


(4) 
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Comparing the latter with the expansion given by Proposition 2-4 
Oi{v,T) = 04(0, r) exp C2p(r)(sin 7 rn) 

P >1 


one derives the following 


Lemma 2-7 The coefficients C2p defined by Proposition 2-4 may be writ¬ 
ten as 


c 2 p ( t ) = i-ir+^2^^ 


p{l - q^P) 




m>p 


m-\-p — 1\ 

m — p —l) {m — p){l — J 


, ^ (n-bp- 1)! q 


( 2 p)! {n-pfi (l-g2n)- 


/n particular, we again find 


C2 


nq 




1>1 


(1 - <72")' 


Proof of Lemma 2-7 It is enough to express cos( 2 na) in terms of sin a 
as 

cos(2na) = (2 sin a)^"+E (-1)”+'^+^ ^ (2 sin a)2"-2fc-- 

Z rC “r r \ ^ / 


(_X)P(7I _|_ _ 1)1 ^ V^T / ■ \2p 

= ^ T. (2p)!(n-p)! ^ ^ = E^ 2 p,»(sina) ^ 


0<p<n 


p =0 


where 


62n,n = (-1)”2^” and b2p,n = (-1)P2^P ^ + P 1) n p. 

n — p\n — p — 1/ 


It can also be rewritten 

b2p,n = 0 <p<n. 

{2p)\{n-p)l 

Furthermore, we may use the fact 

= 2 ^ 7 " - 2 E 7n cos(2nn) = E C2p(T)(sin7rv)2^’, 

n>l n>l 


where 7„ = 


q 


n(l — <72") 

So, we obtain the relations 


C 2 p 


= -2 E lnb2p,n = -i-ir2^P lpb2p,p + E 


n>p 


n^p 


(n — p)(l — \n — p— ij\ 


n + p — 1 
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Therefore 


C2p = -2(-ir22p-i-^ + (-lf+i22p+i ^ ]) 

1 — \m — p — 1 J 

^ m>p \ ^ / 


— p — \) {m— p)(l — q^'^) 


i.e., 




( 2 p)! {n-p)\ (1 - g^")' 


In particular, for p = 1 , 


and 


C2(t) = 2^--2 + 8 XI 

^ m>l 


■=>M = 2 ^r^ + 4 i: 


m 


m — 2 J {m — 1){1 — ’ 

mq^ 1 

“ n , 


^ m>l ^ ^ ' n>l ^ ^ ' 


These series can be expressed as 




(n + p — 1 )! (f 


_ g^(n +p — 1)! 2fcn 


(n —p)! (1 — q‘^^) (n —p)! 

n>p ^ t'j \ H \ t'j 


= E 


{n+p-l)\ ^ 2 kn+n 


fc>0,n>p 


(n-p)! 


(2fc+l)p (n + p - 1)! (2fc+l)(n-p) 
{n-p)\ 


/t >0 

= i: »,(<;"+■). 


fc >0 


where 




n>p 

Now using the notation 


(n — p)l ^ (to)! 

^ m >0 ^ ’ 


( 2 p)„ = 2 p( 2 p + 1 ).( 2 p + n — 1 ), then (to + 2 p — 1 )! = ( 2 p)m( 2 p — 1 ) 1 , 

and one gets 


( 2 p-l)! 


m>0 


( to )! 


However, we know that 


=^" 2 Fi( 2 p,a,a,^)= 

f^n (1-2:)^P 


m>0 


(1-Z)2P- 


5p(t) = (2p- 1)! 




As a result, we may derive the expression 


o2p+l n2p+l J2k+l)p 


(2p)! 

(2p)! 


k>0 


k>0 


(1 _ q 2 k-\- 1 ^ 2 p ■ 


= (2;?- 1)!^ 2i^i(2p,a,a,g^^+^) 


fc >0 


Finally, 


o2p+l _^ 

«,{r) = (-ir‘—^ 

^ k>0 


q 


2fc+l \ P 


(l_^ 2 fe+l )2 

The proof of Theorem 2-5 has been achieved 


= --E — 

n < ^ (cir 


P ^ (sin(A: -b 


2.3 The link with elliptic functions 

Now, consider the zeta function of Jacobi. It is defined by 

Zn{z,k) = ^^log^4(w,T), 

where v = ^ and K = 2 is the complete elliptic integral of 

the first kind and the modulus is such that 0 < fc < 1. 

We have 


Corollary 2-8 

Zn{z, k) 


The zeta function of Jacobi has the following form 

= -sin(7r2u) ^-?;-q- 

2X ^^4^^sin^ (ttu) — sin^(fc -I- ^ttt) 


where v = ^ satisfies \ sinTrv |<| (sin(i) 7 rT) | . 

In particular, the logarithmic derivatives of theta functions can be written under 
the forms 


Oi{v,T) 


q2k+l 

47rsin(7r2v) > -- ^ , , --- 

^ 1 — 2 ( 7 ^^+4 cos 2’kv -I- 


6 » 3 (u,t) 


E ^2fe+l 

1 + 2q^^+^ cos 2'kv -I- q^^+^ 


6*2 (u,r) 


= - tan( 7 ru) - Jtt sin(^ 2 u) E ^ ^ 2q2k+2 


r,2k+2 


k>0 


cos 27ru -I- q‘^^+^ 


6*1 

6*1 (u,t) 


q2k+2 

cotfTTv) -I- 47rsin(7r2u) > -- ^ „ --- ji-rT- 

^ ^ ^ ^ ^ 1- 2g2fc+2 cos 2'kv + g4fc+4 

fc >0 ^ ^ 
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Moreover, the equations for 9 i and 02 are valid in the strip \ Imv \< Imr, 
those for 63 and 64 are valid in the strip \ Imv \< ^Imr. 


Indeed, 


Zn{z, k) = 


'^'dz 


\og 04 {v,T) = — sin( 7 r 2 ?;) EE 

/c>0 p>l 


smiTv 


{sm{k + ^)7rr) 


2p 


Suppose the variable v satisfies 


sin 7TV 
(sin(i)7rT) 


l< 1. 


We then obtain 


sin TTV 


(sin(fc + 


E 

p>0 


sin TTV 


(sin(fc + 5)7rr) 


2p 


(sin(fc+^)7rT) 


1 - 


(sin(fc+'^)7rT) 


(sin TTw)^ 

(sin(A: + — (sinTri;)^ 

Therefore, the result follows. The domain of convergence for these series may 
be extended to the strip | Imv \< ^Imr (see for example [W-W] page 489 ). 
Notice that the zeta function of Jacobi also has a Fourier expansion 


Zn{z, k) 


27 r <7" . 

K 1 — K 

n>l ^ 


Remark 2-10 (i) Concerning the convergence of the trigonometric se¬ 

ries, notice that those pertainig to 63 and 63 could converge if cosh{Imv) < 
sinh-^^. Those applicable to 6*1 and 62 could converge if | coth(/mu) |< 
tanh^. 

The first inequality implies | |< 1 and the second one implies | I< 

1 . 

(ii) Moreover, the above trigonometric expansions of theta functions which 
are very closed to Fourier series expansions seem to be new. We have not yet 
found an analog of these series (in this present form) nor an allusion to them 
in the classical literature concerning the theta functions. The only thing which 
may catch our attention is the connection of the above expansions of theta func¬ 
tions with the infinite products. 

Indeed, The latter expressions given by Corollary 2-8 can also be deduced by 
logarihmic differentiation of the wellknown identities which yields the theta func¬ 
tions as infinite product. Therefore, the series expansions stated by Theorem 


10 



2-5 can also be deduced. 
More precisely, from 


9i{v,t) = sin{'Kz)T\k>o{^ — q cos( 27 rz ;)-|-9 ) 


O^iv, t) = 2^4 cos(7rz)nfc>o(l - -I- 2g^'"+^ cos(27rn) -|- 

^ 3 (u, r) = nfc>o(l - -I- 2g^''+^ cos(27rn) -|- 

04(u, r) = nfc>o(l - g2fc+2)(i _ 2g2fc+i cos(27rn) + 

we get the above expreeeion of reepeetively 

dl{v,T) 92 {v,t) 93[v,t) 94{v,T) 

(see [W-W] page 489 ). 

However, we may notice that the previous infinite product representing the theta 
functions are valid in the entire n-plan. 


Corollary 2-11 Under the same hypotheses, the following expressions for 
ratios of theta functions hold 


Si{v,t) 
6*2 (w,r) 


ea:p[y^ C2p{t)[s\v?^ tt{v -I- 

P >1 


-r — cos 




7r(n -b -r) 


9a{v,t) 


ea;p[y^ C2 p(t)[cos^^ ttv — sin^^ ttu]]. 

P >1 


Corollary 2-12 Under the same hypotheses, the following expression for 
the product of the theta functions holds 


92{v,t)93 {v,t)94{v,t) 
01 ( 0 , r) 


_ ("- 1 - 4 '^)exp[y^ C2 p(t)[cos 2^’ 7rn-|-sin^P ttu-I-cos^^’ 7r(n-|-^)]]. 

p>i ^ 


In particular, we get 

^ 1 ( 0 ^^) = 7r6'2(0,r)6^3(0,r)6»4(0,T) = -7T6l{0,T)qiexp[^C2p{T)[l + cos^^tt^]]. 

p>i 


The eta function of Dedekind may be expressed as 


r]{T) =2 3 e*’^'^/^^ 04 (O, r) exp^^ -I-cos^^( 7 r— 

O ^ 

p>i 


The proofs of the above results use the same techniques of [C]. 
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3 Modular transformations 

3.1 Some properties of the coefficients 

The above coefficients C 2 p(t) are such that 

C 2 p(t + 2) = C 2 p(r). 

Furthermore, by the periodicity properties of the theta functions we may deduce 
some additional relations. More precisely, if the argument v is increased by t, 
they are unaffected except for the multiplication by a simple factor. We get 

6*1 (u + T, r) = - ^ 6»1 (v, r) 

6 » 2 (w + r, t) = r) 

dsiv + r, r) = r) 

94,{v + r, t) = r) 

We deduce the following 

C 2 p(T)[(cos 7 rr!)^^ —(sinTrri)^^] = *7r+y^ C 2 p(T)[(cos 7 r(w+T))^*’—(sin7r(v+r))^P]. 

p>l 

C 2 p(r) [(cos TTv)'^^ — (cos 7r(n + r))^*’] = f7r(2u + r) 

p>l 

3.2 Actions of the modular group 

Moreover, we have seen before (see [C]) that the double family of coefficients a 2 p 
and C 2 p, have analogous properties under the action of the modular group r(l). 
For example, when we examine the theta relation 94{v + ^,r + 1) = 04 (w,t), 
we find 


C2p(r + 1) = (-l)^’y]] ('^'jc2fc(r) (5) 

k>p 

which is similar with the relation satisfied by the coefficients a2p (see [C]). 
Equality ( 5 ), combined with System (A), permits to obtain other relations be¬ 
tween the coefficients. 

As consequences of Theorem 2 - 5 , we have 

Corollary 3-1 Under the actions of the modular group t ^ t + 1 , and 
r ^ the coeffieients beeome 


C2p{t -f 1) 


--E 

T) 


k>0 


Aq 


2k-\-l 


(1 


^2fc+l'i2 
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O _1 OP+1 ,_, 


2p 


k>l 


^2k I P 


l + g- 


.2k 


Moreover, the following relation holds 


(- 1 ) 2 ^ A:c 2 fc(T) = _ . 

k>l n>l ^ ^ ^ 


Xlc2p(T)[(c0S7r^)2p = ^C2p(r + 1)[1 + (sin7r^)2p]. 


P>1 


P>1 


C 2 


(t + 1) = -4^ 


q 


2fc+l 


fc >0 


_ 1 QUO) 

(l + g2fe+i)2 27r2 6»3(0)’ 


2 .- 1 . . 


rC 2 


e)=-i-8E 


fc>i 


l + g^ 


1 ^ 2 ( 0 ) 

27r2 02(0) ■ 


3.3 Landen and Gauss transformations 

Furthermore, using the Landen transformation we may obtain relations con¬ 
necting 9 { 2 v , 2 t ) and 6{v,t). More precisely, we get (see [B] or [W-W]) 

04 ( 2 r), 2 r) = = 6*4(0,2r) exp[^ C2p(2r)(sin 27rv)2P]. (6) 

^ ^ p>i 

From Proposition 2-4 and Theorem 2-5 , one proves the following 
Proposition 3-2 The coefficients C2p(2r) satisfy the relation 



Indeed, we have seen that 

93 {v,t) =04(O,r) exp[y^C2p(T)(cos 

P>1 

Moreover, since [04(0, 2 t)]^ = 03(0, t) 04(O, r) and log[03(O, r)] = X)p C2p('r), 
then ( 6 ) implies 


Lemma 3-3 When v belongs to the strip \ \< 1 the following 

relations hold 


E '^ 2 p('P) 

P>1 


(sin7rv)^P + (cos7rv)^P — 1 


C2p(2r)(sin27rv)^P 

P>1 
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= ^ C 2 p( 2 t + l)(cos 2ttvY'p. 

P>1 

^C 2 p(r) (sin7r(ti + + (cos7r(ti + - 1 = ^ C 2 p( 2 t)(cos 27rv)^P 

P>1 ^ ^ 

= ^C2p(2r + l)(sin27rt;)^^. 

J ?>1 

/n particular, we deduce the identities 


_ Osjv + Z,t)03{v + i,T) _ 04 {v + ^,t) 04 (v + ^,t) 
6*4(0,2r) “ 6*4(0,2r) 


Indeed, since (cost;)^” = = 2 (cos 2n)^ then 

^2-Pc2p(t)^[(- 1)'=Q + Q](cos2t>)'=-^C2 p(t) = 

= ^C2p(2r + l)(cos 2 n)^^’, 

thus 

2 k^^p 

^2-Pc2p(t) (2^/;) -'^C2p{t) = ^C2p(2r + 1 )(cos2w)2p. 

p fc—0 ^ 

As a result 

2"^ (2^;,) C2p('r) (cos 2vf^ - C2p(t) = Y C2p(2t + 1)(cos 2vfP. 
k ^p>2k ^ ^ -I 

Interchanging p and k, one gets 

Y XI 2 ”^( 2 ^fc)'^ 2 fc(r) (cos2n)2P-^C2p(r) = ^C2p(2r+l)(cos2u)2p. 

p ^ k>2p ^ ^ 

This proves Lemma 3-3 and Proposition 3-2. 

Corollary 3-4 The coefficients C2 p(2t) also satisfy the equation 

c,,( 2 r) = (- 1 )- j;: (If n (™)l2-”‘e2„(r) 

m>2p k=p '^^ 2 ' V / 
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Indeed, ( 5 ) implies C2p(r + 1 ) = (p)c2fc(r) and 

Proposition 3-2 gives C2 p(2t -I- 1 ) = Y.k>2p 2"*(2p)c2fc(T)- 

Thus, combining these two equalities, one obtains 

«,(2r) = (-l)'i: Ql E 

k>p 2k>m ^ '' 



]2-^C2m{r) 


Corollary 3-5 The rj function of Dedekind satisfies the following 


Vir) 


-q^^exp^ [cos P — - 1], 

P>1 


Indeed, this follows from the known identities 

r,^i2T) 9iiO,2T) 1 02(0, r) 

773(r) 6 i;( 0 ,r) 2 ^6»3(0,r)6»4(0,T) ■ 
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4 Some arithmetical properties 


4.1 Transformations of higher order 

One proved (Proposition (3-4) of [Cl]) for m > 1 a modular equation satisfied 
by the coefficients 


1 q’^ 

2 1 - 92 m 




p^m 


2 p 

p — m 


C2 p(t)=^2 -2^ 

P>1 



C 2 p{mT). 


In particular, for m = 2 one again finds 




p>2 


p>l 


2 p 

,P- 1 


C2p{2l 


In fact, for any positive integer k we get the identity 
k'>0 


1 


q" 


21-q 


2m 


^ / 2p \ (-1)P+1 / g2fc'm-Hm Y 

^ [p-lj P V(l-g2fe'm+m)2 ) 

p'>m ^ ^ ^ ' ' 


Thus, we have 



C 2 p{jT). 


Proposition 4-1 Let n and k>l he integers. 
The following identities hold 



4.2 Other expressions using Lambert series 

Propostion 4-2 The coeffieients C 2 p(t) given by Theorem 2-5 may also be 
written under the form 


C2p(r) 


(_l)P+i 


22p-|-l 



q 2 k+i 

(1 - g2fc-Hl)2 



where 


“t” Ldji 


^ (l+(-l)t-l) 

d\n^d'>p 


{d + p- 1)! 
{d-p)\ 
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Proof It is known that for I 2 |< 1 Lambert series can be written in 
different manners. In particular, 

n>l n>l 


where 

^ ^ ^d- 
d\n 

Moreover, using the Mobius function /i(n), we can express a„ in terms of An. 
Namely, 

an = 2_^fi{-)An. 

d\n 

Furthermore, we may prove that 


E 

n>l 


1 + Z^' 


BnZ 

n>l 


where 

t\n d\n 

Let for any p > 1 


C2 p(t) 


(_1)P+1 


22p+l 


E 

n'>p 


{n+p — 1)! (?” 

(n —p)! 1 — 


Then, we may deduce 

21-1 iP+iEl W 

2 p ! ^ (n — p)! 1 — 

n>p 


'y ' (^Ti, + Bn)z^, 

n^p 


where 


+ Sn — 'y ^ (1 + (~1) 


d\n,d'>p 

and An = Bn = 0 for n < p. 


-i,( d + p- 1)! 

(d-p)! 


Remark 4-3 


For p = 1 , we get 


C2(r) = 4 :Y^ 

n>l 


uqn 

(1 - 


but. 

The coefRcent of q'" is n, if n divides m in such a way that ^ is odd. 
Suppose TO = 2 ^, P being odd . It implies that n = where d is a divisor 
of p. 

Then, the coefficient of g™ in the expansion of is obviously 2 ^ X]d|p 
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5 An expansion of p(z) 

In this section we propose another interesting application of Theorem 2-5, one 
concerning a new type of expansion for elliptic functions. More precisely, we 
state for the elliptic Weierstrass fonction p(z) an analogous expansion as we did 
for the 9 function. 


Recall that p{z) which has primitive periods 2 and 2t relative to g 2 and 
53 , may be written as 


p{z) = p(z; 1,t) 



m,n 


{z 


1 

2 m — 2nr)2 


1 

(2m + 2nT)2 


The Weierstrass fonction p(z) is related to the theta functions 9i(v) where 


/ ^ / 1 ^2r , d'^log9i(v)^ 

with rj = — ■ In the same way we have 

/ / 1 N 2 r . (flogOAv), 

p(. + c.') = (2p)^|-4,.— 

We proved (see [C] ) that p(z; 1,t) has the following expansion 
p(z -p r) = 63 - ^ a 2 p(e 3 )(sin 

p>l 


(7) 


where 02(63) = (^)^(g2 — 1263 ^) , 63 = p(t) and the other coefficients 

satisfy the recursion relations 

(^)^[(2p -b 2)(2p -b l)a2p+2 - 4p^a2p] - 126302 ^ + 6 ^ a2ra2p-2r = 0. (3) 

0<r<p 


Using relations (2) and (3) and Theorem 2-5 we shall give explicit expressions 
for the coefficients 02 ^( 63 ) = a 2 p(r) 


Theorem 5-1 The Weierstrass elliptic function p(z) = p(z; 1, r) with 
primitive periods 1 and r may be expressed under the form 

p(z + t) =63-a 2 p(T)(sm 

P>1 

where the coefficients are 

02 p(r) 2 (2p + 1) ^ i)7rr)2p-H2 (sin(fc -b i)7rT)2p ' 

Moreover, the above expression of p(z) is valid in the strip \ |< 1. 
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Indeed, the expression for 02 p(t) is deduced from 


(2p +2)(2p+1 )c2p+2(t) - 4p^C2p(r) = ^^a2piuj,uj') = -^a2p(l,r) (2) 

TT TT 


and Theorem 4-1 since 




P ^ (sin(A: + i)7rr)2p P [ (1 - J 


fc >0 


(-4)9 


2fc+l IP 


Thus, p{z) may be expressed as 

/ ^ v^,v^ -2(2p+l)(sinf)^^ ^ ^ 4p(sinf)^P ^ 

^ (sin(A: + i)7rT)2p+2 ^ (siii(fc + i)7rT)2p ' 

Moreover, according to the addition theorem for p{z), this function may be 
written as 


p{z) = 63 - 


92 - 12e§ 


2EE 


-2(2p+l)(sin2^)2p 4p(sin^)2p 


(sin(A) -h {sm{k -h i)'7rr)2p^ 


p>l k>0 

6 The Rogers-Ramanujan continued fractions 

For I q I < 1 the Rogers functions are defined by 

2n^ „2n(«+l) 

= E (g 2 ^g 2 )J H{q) = Y, 


(9^9^). 


where g = (a, 9)n = nfc=o(1 “ a9*); {a,q)oo = limn^oo{a,q)r 

It is known that 

^(g) — /'„2 „in\ / „in\ ’ ^(9) — 


1 


(9^9l°)oo(9^9'°)oo’ (9^9l°)oo(9^9'°)oo■ 

The Rogers-Ramanujan continued fractions is defined by 

qV5 


It can be expressed in terms of g-series by 

■,H{q) 2/5TT (l-g“)(l-g“) 


R{q) = q 


= ^2/5: 


G{q) 


= n 

k>l 




We intend to give a simple proof of the the above Rogers identity. 
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Theorem 6-1 The Rogers-Ramanujan continued fractions R{q) for 
q = I g |< 1 may be expressed as 


R{q) = exp[iJ^ - ^ C2p(5T)[(sin - (sin 


P>1 


, 2t v-V- 1 [(sin^)2P-(sm2|r)2p] 
= exp[nT— + 2 ^ 2 ^ ' 


p>lfc>0 

Equivalently, in terms of q-series 


R{q) = g2/5e 


l,fe>Q 


p {sm{k^)57 rr)‘^P 

q2pik+l) ^(^2 _ _ (^3 _ lyp 

('g5(2fc+l) _ X)2p 


Proof 


Consider the Ramanujan theta function 


f{a,b) 


E 


fc(fc-i-i) fc(fc-i) 

a ^ b -2 


kez 


f{a, b) = (—a, ab)oo(—b, ab)oo{ab, ab)oo 

with I ab \< 1. We denote here (q;,/3)oo = ni>i(l ~ o/?®)- This function is 
related to the classical one 


b4iv,q) = f{-qe 


2i'7TV _ 


Thus, 

nil) , 1/5 /(- 9 ^- 9 ®) 

R(a\ = „2/5 5r) 

5t)’ 

which implies the wanted expression of R{q) since by Theorem 2-5 


One gets the relation 


04 (r<, 5 t) = 04 ( 0 , 5t) exp[— EE 


p>l k>0■ 


Sin 7TV 


p \ {sin{k + ^)5 ttt) 


2p 


Corollary 6-2 R{q) 

R{q) = g2/5 gxp 

Equivalently, 


may also be expressed as 

( ^ 1 [(C0S^)2P-(C0S^)2P] \ 

{cos{k + ^)bTTTYP ) 


^ q2p(k+l) / (^2 ^)2p _ (^3 I^P \ 

= ^2/5g^r>i,;=>0 p [q5(2k+l) l)2p ) ^ 
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Indeed, this is a direct consequence of the theta identity 


9a{v,t + 1 ) = 03 {v,t) = Oiiv + -,r). 


Corollary 6-3 Under the action of the modular group one has 
R{T + l)=e‘^^^/^R{T). 

R (- 1 / T ) = e (sin((: + 1 ),t/5)»p 

Indeed, the first identity is obtained from Corollary 6 - 2 . Whereas, we may 
deduce the second one from 

Ri-l/r) = e -/5 ^ g4(^,r/5) 


Corollary 6-4 Let q = e* 


g |< 1 . From the expression 


BM =, / exp ( X: ; (6ip(t + l)5xr)^e 


>>l,fc>0 

we may deduce the Rogers formula 


_ /I ^10k—2\(^ ^10k—S\ 

f!(n\ -niVt (1-g ) 

<7 11 (X _ giofc-4^('2 _ giofc-ey 


Proof Starting from the expansions 

p (sin(fc -I- i)57rT)2p ^ (sin(fc -|- i)57rT)2 

1 (sin 3 |r) 2 p ^ ^ (sin^)^ 

p (sin(fc -I- i)57rT)2p ^ (sin(fc -|- i)57rr)2 


We then derive the following expressions 


R(<i )=n 


2/5 TT (Sin(fc + 4)5 xt)^ - (sin 


fe >0 


(sin(fc+i)5^T)2-(sin^)2 


N 9 /r-r-r cos( 2 fc-I-l)57rT — cosSttt 

R{q) = ^^- 


k>0 


cos( 2 fc -I- l)57rr — costtt 
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Thus 


R{q) = g2/5 JJ- [sin(5fc + 4)7rr][sin(5fc + l)7rT] 


k>0 


[sin(5A: + 3)7rr][sin(5A; + 


m = n 


fc >0 


^^lO/c+8 _ _ j^^^5A;+3^5fc+2 

g5fc+4g,5A;+l ^^lOfc+6 _ ]^^^gflOfc+4 _ 


Remark 6-5 There are many other expressions of R(si) in terms of theta 
functions. One of them given by Z.-G. Liu [L] may be interesting 

„_6/io ^'i(g5t) 

Indeed, since 

0i(n,r) = 2 gi/ 4 (sin^t;)(( 72 , 9 ")oo(?"e- 2 --,g 2 )^(^ 2 g 2 ...^^ 2 )^ 

then 

6*1 (r, 5 r) = g^°)oo(g®, g^°)oo(g^°, g^°)oo; 

6»i(2t, 5t) = iq~'^l^{st, g^°)oo(g®, g^°)oo((?^°, g^°)oo. 

From which we deduce, 


ma\ = ,-6/10 (g^g^°)oo(g^g^°)oo ^ 6/10 ^1 (G 5 t) 

^ (g'‘,9i°)oo(<z6,gi0)oo ® 0i(2r,5T)- 


The result follows from theorem 2-5 which asserts that 

1 ( sin7r(v + ^r) ^ 

p>l k>o ' 

Thus, 


r) = «4(0, r) »p|„(, - 1 + L) - ^ ^ ^ ^ 


R{q) = exp[-in— + > >- . . , lx. —-]• 

^ t>ik>o P (sm(fc + i)57rr)2p 

Another equivalent expression may be obtained by the same techniques 
R{q) = ea:p[-z7ry + ^ C2 p(5t + 1)[(cos^)^p - (cos^)^p]. 

P>1 
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